Abstract. This paper developed a new mathematical model to investigate the heat transfer as well as wick's thickness of a heat pipe. The model was established by conservative equations of continuity, momentum, and energy in the thermal boundary layer. Using a similarity variable, the governing equations were changed to a set of ordinary di erential equations and were solved numerically by the forth-order Runge-Kutta method. The ow variables, such as velocity components, wick's thickness, and Nusselt number, were obtained. The results show that the Nusselt number is proportional to the square root of the Darcy-modi ed Rayleigh number and to the distance from the edge of the condenser surface. Furthermore, the thickness of the wick material depends on the Jakob number and is proportional to the heat transfer between the wall and liquid lm.
Introduction
Heat pipe is a closed thin tube with phase change as a cooling device, as schematically illustrated in Figure 1 . There exists an annular wick on the inside surface of the tube. The heat pipe can be constructed from metals, ceramics, composite materials, or glass. It transfers a large amount of heat to remote locations, when the working uid changes from liquid to vapor at the evaporator side and, then, condenses in the condenser. The uid is recirculated via capillary pressure in a porous wick lining the evaporator. Heat pipes have many industrial applications in thermal power plants, aerospace applications, and electronic components (not limited to solar energy collectors) so that almost every laptop is equipped at least with one heat pipe, today. Considering the advantages of highly e cient evaporation and condensation heat transfer, heat pipes can achieve excellent temperature unifor-*. E-mail address: anouri@sharif.edu doi: 10.24200/sci.2017.4526 mity with a fast response and high reliability [1, 2] . The heat pipe performance is primarily governed by wick structure, which provides the capillary pressure for driving the working uid, ow passage, and heat ow path. Therefore, the thermal performance of heat pipe is strongly dependent on the wick structure, which is important in terms of the porosity, pore size, permeability, and machinability. In addition, its properties, including small-sized pore, high permeability, and low thermal conductivity, as advantages can improve heat transport ability, which is an indicator of the heat pipe performance. The wick material is made of monometallic and mixed metal materials such as cooper, titanium, nickel, stainless steel, etc. to meet the corresponding attribute [3] . There are several typical wick structures such as grooves, sintered mesh or powders, and bers. The sintered particle wick is generally regarded as the most state-of-art type of heat pipe wick due to its high capillary pressure and moderate-high thermal conductivity. Byon and Kim [4] investigated experimentally and analytically the e ects of the particle size distribution and of the packing structure. In this study, they considered two distinct types of porous media: mono-dispersed and bi-dispersed. The e ect of the particle structure was represented by two geometry parameters: the particle arrangement and the particle-bonded area, depending on the sintering condition. Yang et al. [5] simpli ed an expression that determines the permeability of isotropic porous media as a function of the tortuosity, porosity, and pore size, thus obtaining an equation that depends only on porosity and pore size. Therefore, this analytical study discusses the e ect of these two morphological parameters on the permeability. Tang et al. [6] and Lef evre et al. [7] extensively studied the grooved wicks and mesh wicks. Kempers et al. [8] studied the e ect of number of mesh layers on heat pipe performance. They also characterized the evaporation and condensation thermal resistance of mesh-wick heat pipes. The permeability of grooved wicks is high, yet with a limited capability to generate large capillary pressure, while the mesh wicks can generate high capillary pressure, yet su er from high ow resistance. Hybrid wick structures that can combine the strengths of these two types of wick structures are highly desirable to achieve high performance heat pipes in terms of e ective thermal conductivity as well as working load. Powder-groove and mesh-groove wicks are two types of hybrid wicks developed to enhance heat pipe performance [9] [10] [11] . The mesh-groove wick with relatively higher permeability is favorable to reduce the ow resistance, particularly with the assistance of gravity. Huang et al. [12] experimentally showed that the partial hybrid wick greatly enhances the heat pipe by 80% compared to the heat pipe with a grooved wick. Highly e cient evaporation enabled by the capillary evaporation on the mesh-groove hybrid wick appears to be the primary enhancement mechanism. However, hybrid wicks do not always enhance the heat pipe performance.
Biporous wick is another type of wick which consists of clusters of particles sintered together to form two ranges of pore sizes. One ne pore size present inside the clusters promotes high capillary suctioncapability; further, a coarse pore size present between clusters promotes high permeability for vapor ow, which is essential at high uxes. For designing a biporous wick, its evaporation characteristics, e.g. evaporative heat transfer coe cient, should be taken into account. So far, Reilly and Catton [13] have relied on kinetic theory of heat transfer by Carey [14] , assuming that the liquid-vapor interface exists at saturation temperature. However, the e ect of curvature of meniscus has been ignored which is very important at small pore sizes. The e ect of meniscus curvature was investigated by Ren et al. [15] on the heat transfer capability of porous wicks at low to moderate heat uxes. It was shown that their e ect is signi cant, as presented in Kelvin equation.
The purpose of this study is to reveal thermouid behavior in the wick and optimize the thickness of the wick based on the numerical solution to the governing equations of mass, momentum and energy. Some correlation equations for Nusselt number, wick thickness, and pressure gradient are suggested, where the e ects of the Darcy-modi ed Rayleigh and Jakob numbers are taken into account.
Physical model
Heat pipe is a closed pipe in which a uid heat transfer agent circulates naturally between the heating zone or evaporator and the cooling zone or condenser; further, it consists of a sealed container lined with a wicking material (as a porous medium). In this device, the vapor is produced in the evaporator section at the bottom of the pipe and, then, moves upward spontaneously. The vapor is condensed in the condenser section at the top of the pipe and, then, penetrates through the wicking material (see Figure 1 ).
We assume that this material will be saturated with water, that is, the space between the bers of wicking material is entirely lled with water, and this water will ow as a result of the gravity and surface tension forces simultaneously imposed on the material. In other words, there will be a free convection ow in the wick. Usually, the saturated ow in the porous media is described by the Darcy model (without viscous term) or by the Brinkman model used in order to account for the high porosity of porous media or to impose no-slip conditions on solid walls. In order to determine the adequate and e cient model, there exists a rule of thumb: the Darcy model is used if the Reynolds number of the corresponding free ow is less than Re < 10.
Since the wick thickness is very smaller than the radius of the heat pipe, Cartesian coordinates are used instead of cylindrical coordinate system for simplicity. In this case, the Darcy model through the porous layer (wick) in the absence of the inertial force may be obtained as follows:
where the viscous term is the usual Darcy term. K denotes the permeability tensor of the wick, u f is the volumetric average of the velocity or Darcy velocity, and p f is the intrinsic uid pressure. The thickness of the boundary layer is considered herein, in which signi cant temperature di erences exist and velocities parallel to the surface are small. Also:
Inserting ( fsat ) = =(T sat T ) and Eq. (2) into Eq. (1) gives:
T sat is the liquid temperature outside the boundary layer. By de ning a stream function, , this satis es the continuity equation as follows:
Because a boundary layer-type ow is assumed, the di usion in y direction is much greater than that in x direction, and the energy equation can be approximated by:
In order to solve the above equation, we assume that:
where is the boundary layer thickness.
Introducing the unknown variables from Eqs. (4) and (6) into Eqs. (3) and (5), the nal results are presented:
00 + G 0 e F 0 = 0:
Since the two above equations are a function of , they are necessary to be constant:
G 0 e = C 2 :
Now, Eqs. (9) and (10) where e = k e = f C pf denotes the e ective thermal di usivity, Ra z = g Kz T= f e de nes the Darcymodi ed Rayleigh number, and T = T sat T w is a reference di erence temperature. In consequence of Eqs. (4a) and (4b), the velocity components in the direction parallel and normal to the wall are respectively as follows:
By introducing Eqs. (11) and (12) into Eqs. (7) and (8), the nal results will be as follows:
00 + C 2 F 0 = 0:
Through the combination of the above two equations in favor of function F (), we obtain:
F 000 + C 2 F F 00 = 0:
Due to Eqs. (6b), (14) , and (15), the requirement boundary conditions are as follows:
(0) = 1; (1) = 0; (18a)
The local heat transfer on the surface of the condenser will be: _ q 00 w = k e @T @y y=0 = k e T (z) 0 (0);
where k e = k f + (1 ) k s and = 8 f =(8 f + 8 s ) in which 8 is volume.
The local Nusselt number is calculated as follows:
Further, the mean Nusselt number is then given by:
where L c is the condenser length. In order to obtain the thickness of the wick, it is necessary for the energy balance between the heat absorbed by the heat sink and that rejected by the core vapor because of condensation to be identical. Therefore, the energy balance between the heat sinking to the condenser surface area ( D L c ) and the heat rejected by condensation over the cross-section area of the saturated porous layer ( D w) is derived from z = L c in Cartesian coordinates, respectively, as follows: (11), and (13) into the above equation, we obtain:
After some manipulation, the result is as follows:
where Ja = C p T=h fg = C p (T sat T w )=h fg is the Jakob number. For a speci c value of Jakob number and the value @=@j =0 = 0:443 from Figure 6 , the value of the wick thickness can be obtained by function of F (w p Ra Lc =L c ) from Figure 8 .
Solution method
Eqs. (15) and (16) as a pair of simultaneous ordinary di erential equations are rst combined, and a third-order ordinary di erential equation is obtained with respect to F (Eq. (17)). This equation needs three boundary conditions. The rst two boundary conditions are F 0 (0) = C 1 (0) = C 1 , and F 0 (1) = C 1 (1) = 0 and the third one is obtained from the liquid normal velocity f = e p 2C 2 Ra z =C 1 [F 0 () F ()] =2z at the wall which is zero. Eq. (17) is a two-point boundary value problem and is necessary to be changed into three rst-order initial-value problems with initial conditions F (0) = 0, F 0 (0) = C 1 and a guessed value for F 00 (0) = A. Direct integration using Runge-Kutta is only possible until a guessed initial value for A is provided and keeps getting corrected and updated along the integration process until condition F 0 (1) = 0 is satis ed; otherwise, a new value for A is guessed and the previous procedure is iterated again. After solving the functions of F; F 0 , and F 00 the other functions such as ; 0 and stream function, , are obtained. Once the functions of and are determined, the ow variables, such as velocity components, local Nusselt number, and wick thickness, are obtained from Eqs. (6a), (13), (14), (20) and (24), respectively.
Results and discussion
A closed two-phase water-vapor heat pipe made of a thin copper tube with length of adiabatic, L a = 0:4 m and those of condenser and evaporator L c = L e = 0:3 m of has been considered. The wick material of the heat pipe is made of wire crimps with porosity of = 0:7 and unknown thickness of w determined by Eq. (24). It should be noted that C 1 and C 2 are constant in all above equations so that they can be either chosen arbitrarily or fused into functions of G(z) and (z), respectively, in Eqs. (9) and (10) . In order to determine the correct value of C 2 Eq. (17) has been solved numerically by the fourth-order Runge-Kutta method under the boundary conditions of Eq. (18b) for di erent values of C 2 . Figure 2 shows that the proper behavior of function F () is obtained when C 1 = 1 and C 2 = 0:05. Figure 4 illustrates the stream function of the liquid lm along the condenser length for four di erent values of = e = p 2C 2 Ra z =C 1 F () = 2C 2 F ()z=y = 300; 500; 1000, and 2000. In this gure, the stream function changes monotonically and decreases in y direction at any level of the condenser length. The corresponding values of the similarity parameter are in the range of 0 to 6. Interestingly, by moving upward, the slope of the curves increases and the ow tends towards a two-dimensional ow. Figure 5 exhibits the variation of the velocity components of u f and f in the direction parallel and Figure 8 shows the variation of wick thickness versus Jakob number. It is found that the required wick thickness of a heat pipe for refrigerant and organic working uids is greater than that of the water, because the Jakob number of water vaporization is smaller than those of the other uids. On the other hand, the Jakob number is inversely proportional to the latent heat of vaporization.
Conclusions
This paper developed a mathematical model to simulate the liquid lm in the wick of a heat pipe. The model was established by the governing equations in the thermal boundary layer. The results reveal that the local Nusselt number was correlated through Nu z = 0:443 p Ra z , and the thickness of the wick material depends on the Jakob number as well as the modi ed Rayleigh number. On the other hand, the wick thickness of a heat pipe for refrigerant and organic working uids is larger than that of the water. The reason is that the Jakob number is inversely proportional to the latent heat of vaporization so that the refrigerant latent heat of vaporization is smaller than that of the water. 
